Abstract. We construct leafwise diffusions on foliated spaces via SDE approach. The obtained diffusions are stochastically continuous and hence have the Feller property.
Introduction
The ergodic theory of dynamical systems with invariant measures is well-studied and has been supplying many interesting results to various branches of mathematics. Foliations, and consequently foliated spaces are regarded as generalization of dynamical systems. For example, a nonsingular flow on a manifold corresponds to a foliation with one-dimensional leaves. Therefore if we can find a class of measures which inherits dynamical properties of foliated spaces, we can naturally extend the ergodic theory of dynamical systems to that of foliated spaces. In 1983, Garnett [5] considered a stochastic process along the leaves on a compact foliated Riemannian manifold, which is called a leafwise Brownian motion. She called the invariant measures for the leafwise Brownian motion harmonic measures and showed the existence of them. Moreover, she obtained some basic results in the ergodic theory; however, she could not prove the Feller property of the semi-group generated by the leafwise Brownian motion. It was Candel who proved this property in his paper [1] . He used a method for solving evolution equations and the Hille-Yosida theorem to construct a Feller semi-group generated by a leafwise elliptic differential operator on a foliated space. A diffusion process along the leaves was also constructed by using this semi-group. We call such a process a leafwise diffusion process (leafwise diffusion for short). The basic facts for foliated spaces, leafwise diffusions and harmonic measures are available in [2] , [3] and [17] .
Our purpose is to construct leafwise diffusions on a compact foliated space by an alternative approach. First we introduce stochastic differential equations on the foliated space to obtain a class of diffusions. It is shown that each of the equations has a unique strong solution (Theorem 2.1). We have to note that the solution cannot be expected to have a regularity with respect to starting points as a solution of SDE on a manifold has. Since foliated spaces do not always have a manifold structure by definition, the solution has the tangential regularity but does not always have the transverse regularity with respect to starting points. But we can show that the stochastic continuity of the solution with respect to starting points (Theorem 2.1). This is strong enough for establishing the Feller property. It should be noted that Kanai [7] discusses the transverse regularity of leafwise diffusions on a special foliated manifold.
Next we verify that for any second order leafwise elliptic differential operator without zero order term, there exists a leafwise smooth Riemannian metric such that the operator is expressed as the sum of a leafwise smooth vector field and the leafwise Laplace-Beltrami operator induced by the metric. Applying our results to a stochastic differential equation on the bundle of orthonormal frames of the foliated space, we obtain a leafwise diffusion generated by the operator. In particular, the leafwise diffusion is obtained as a map defined on the classical Wiener space. Thus our results are applicable to an analogue of the well-known Eells-Elworthy-Malliavin construction of a diffusion on a manifold, the details of which can be found in [6, .
As another application we prove a central limit theorem for a class of additive functionals of the leafwise diffusion starting at almost every point with respect to any harmonic measure (Theorem 2.8). Moreover we apply the result to the case when there is only one harmonic measure (Theorem 4.4). Our construction of leafwise diffusions enables us to prove these limit theorems in the way used in [15] , in which limit theorems for a diffusion on a compact manifold were proved. We also note that the Feller property and the limit theorems are obtained in [14] more easily than in the present paper when the underlying leafwise diffusion is the leafwise Brownian motion on a mapping torus.
Preliminaries and main results
First of all we introduce some notation and basic facts. Let 
Hence we can consider the plaques of U α .
(2) U is locally finite.
(3) Given foliated charts (U α , φ α ), (U β , φ β ) ∈ U and a plaque P ⊂ U α , then P meets at most one plaque of U β .
For any x ∈ M , we put 
One can easily construct a leafwise smooth function separating given two points in M and hence
by the Stone-Weierstrass theorem.
In the following, we use the Einstein summation convention, i.e., the summation sign is omitted for repeated indices appearing once at the top and once at the bottom. For
A foliated chart (U, (y, z)) containing x naturally induces a basis (2.1) Given a leafwise smooth Riemannian metric g on M and f ∈ C 1 L (M ), the leafwise gradient
in each foliated chart (U, (y, z)).
Now we consider a stochastic differential equation on M . Given leafwise smooth vector fields A 0 , A 1 , . . . , A r on M , we consider the following stochastic differential equation
Let (Ω, F, P, (F t ) t≥0 ) be a usual filtered probability space, i.e., (Ω, F, P ) is a complete 
with B(0) = 0 such that For any topological space S and any Borel probability measure µ on S, we put
and
In the next section we will construct solutions {X x } x∈M of (2.5) on the Wiener space
Furthermore, we will see that the family {X x } x∈M of stochastic processes is stochastically continuous with respect to x. Precisely we will obtain the following. 
with the initial value ξ.
Therefore, if we define a map 
The proof of Theorem 2.1 will be given in the next section.
The pathewise uniqueness (the assertion (3) in the above) yields that if σ is a bounded We put
for any bounded Borel measurable function f on M and t ≥ 0. From Theorem 2.1, we see that the family of positive operators {T (t)} t≥0 turns out to be a Feller semi-group on
Corollary 2.3. We have the following:
Proof. The assertion (1) is obvious from (2.7). Take any f ∈ C(M ) and x ∈ M . For any
by Theorem 2.1. This implies that the assertion (2) 
is a solution of (2.5) with the initial distribution δ x , we have
By taking expectation and supremum norms in the both sides we obtain
Thus the assertion (4) is valid. It remains to prove the assertion (5) . We have to show
. From the equation (2.8) and the Fubini theorem we have
Therefore we have
Applying the assertion (4) to Af , we obtain the desired result. □ Now we construct a diffusion process generated by a leafwise ellptic differential operator with assuming the validity of Theorem 2.1. We say that a linear operator A :
is a second order leafwise elliptic differential operator (without zero order term) on 
M if it is expressed as
} be the leafwise Levi-Civita connection and ∆ g the leafwise Laplace-Beltrami operator induced by g on M . That is, in any foliated chart (U, (y, z)),
We define leafwise smooth functions {b i (y, z)} in every foliated chart by
Then we see that b = {b i (y, z)} is a leafwise smooth vector field and
Therefore any second order leafwise smooth elliptic differential operator can be expressed as the form (2.9).
We consider sets 
where e = (e 1 , e 2 , . . . , e d ) and
The pair ( U α , φ α ) gives a foliated chart of GL(L) and we see that 
We also denote the restrictions of these vector fields to O(L) by the same symbols. Consider the stochastic differential
Applying Theorem 2.1 to the equation (2.11), we obtain a solution {r(t, r)} t≥0 of (2.11)
with the initial distribution δ r on the Wiener space , r) ). By the pathwise uniqueness of solutions for (2.11) we see that
) . So we have
X(t, r, aw) = X(t, r · a, w)
for any t ≥ 0, P W -a.s.w and any a ∈ O(d, R). Therefore the law P r of X(r) depends only on x = π(r). For any x ∈ M we take r ∈ O(L) with π(r) = x and put (2.12)
Then P x is the law of X x and the family {P x } x∈M is a strongly Markovian system. We can also prove that the family {X x } x∈M gives a Feller semi-group with an extension of 
. Then the assertions (1)- (5) of Corollary 2.3 are valid for
Proof. 
We call the stochastic process X 
(M ). The
A-harmonic measure is characterized as an invariant measure for the A-leafwise diffusion,
holds for any f ∈ C(M ) and for any t ≥ 0 (see [1] ).
As another application of our construction, we show a central limit theorem for a class of additive functionals. To this end we need the following result which is a consequence of the ergodic theorem and the martingale convergence theorem. We note that the following is an analogue of [14, Proposition 2.7].
Proposition 2.7.
(1) Consider the set
where the symbol E x means taking the expectation with respect to
(2) m(Q X ) = 1 for any A-harmonic probability measure m.
(3) For any x ∈ Q X , there exist an A-harmonic probability measure m x and a mea-
Proof.
Obviously the set
It is easy to see that
We can show that the set
) is a B(M )-measurable map and
(2) Take any A-harmonic probability measure m and f ∈ C(M ). Let P m be a Borel
In order to verify the assertion (2) it suffices to show that
We consider the semi-flow of
The diffusion invariance of m implies that
is a continuous parameter measure-preserving dynamical system. Applying the ergodic theorem, we have
The Markov property of {P x } x∈M and the martingale convergence theorem yield that 
This implies that
Now we can state a central limit theorem for the A-leafwise diffusion X. (2) For a stationary reversible Markov process, the same kind of central limit theorem as above under extremely general setting was proved by Kipnis and Varadhan in [9] . But as noted by themselves in [9, Remark 1.7], their idea is not directly applicable to the limit problem concerned with almost every starting point with respect to any harmonic measure.
Construction of leafwise diffusions on foliated spaces
The aim of this section is to prove Theorem 2.1. First we consider a stochastic differ- 
The results summarized in the following lemma are rather elementary but they play important roles in the construction of the solutions of stochastic differential equations on foliated spaces. So we shall give their proofs for the sake of later convenience. 
Proof. (i) Using the regular conditional probability given F 0 , we need only consider the case where (Y 1 (0), (iii) We assume that d = r = 1 for simplicity. In the general case, we can also prove in the same way. Furthermore, we may assume that p ≥ 2 and C is of the form
where K > 0 and Z ′ is a compact subset of Z. Take T > 0 and fix it. In the following
. . are positive constants which may depend on T , K and p. We first show that
We have
from a well-known moment inequality [6, Theorem III-3.1] and the Hölder inequality.
Thus we obtain
for (y, z) ∈ R × Z. Let 0 < ϵ < 1 be given. Since σ 0 and σ 1 are leafwise smooth, there exist 0 < δ n,Z ′ < ϵ and K n,Z ′ > 1 depending on n and Z ′ such that
(ỹ,z) ∈ C and t satisfy |y −ỹ| + d Z (z,z) < δ n,Z ′ and t ≤ T , then
By the Gronwall inequality, we obtain
Consequently, for any n ≥ K,
In addition, we have
for (y, z), (ỹ,z) ∈ C. Combining (3.3) and (3.4), we obtain the desired result. □ Let W d be the totality of R d -valued continuous maps on [0, ∞) and P (y,z) the law of
then a probability measure
We can easily show that the measure P µ is the law of a solution of the equation (3.1) with the initial distribution µ. Therefore by combining this result with Lemma 3.1-(i),
we have a unique strong solution of the equation (3.1).
Lemma 3.2. There exists a map F :
is a solution of (3.1) on (Ω, F, P, (F t ) t≥0 ) with the initial value (ξ, η).
We omit the proof since it is shown in the same way as [6, Theorem IV-1.1] and [8, ].
Recall that we consider the stochastic differential equation on M given by
where A 0 , A 1 , . . . , A r are leafwise smooth vector fields. First we construct "local" solutions of (3.5). For a fixed foliated chart (U, (y, z)), these vector fields are expressed as y, z) ). We can extend σ 0 , σ 1 , . . . , σ r to leafwise smooth functions with compact
where
Then we have the strong solution , F U and τ U so that
) and
Recall that the rule (2.2) for A 0 , A 1 , . . . , A r under changes of coordinates and the fact that the chain rule for the operation • takes the same form as in the ordinary calculus. Then
s. by the pathwise uniqueness of solutions for the equation (3.6).
Next we patch together the local solutions. Let U = {(U α , φ α )} be a foliated atlas of M . We may assume that for any α, there exist foliated charts (U α,1 , φ α,1 ) and
for t ≤ τ 1 . Inductively, if τ n and F (t) are defined for 0 ≤ t ≤ τ n , then on the set
Now we prove Theorem 2.1.
Proof of Theorem 2.1. We divide the proof into three steps.
times. We need to show that
Since M is compact, we may assume that U is finite. We can prove that there exists k < 1 such that
for any n ≥ 1 and x ∈ M in the same way as [6, Lemma IV-2.1]. Moreover, we have
for m ≥ 1. Therefore we reach the desired result.
(
Step 2) The map F : (x, w) → F (·, x, w) gives a unique strong solution for (2.5) ((3.5)), i.e., F satisfies (1)- (4) in Theorem 2.1.
The assertions (1) and (2) follow from the measurability of the maps
To verify the assertion (4) we need only to show in the case where
ξ(x, w) = x for a fixed Borel probability measure µ on M . Suppose that x ∈ U α and
Substituting the law of x n for µ and noticing that x n and w n are independent for n ≥ 1, we see that
Hence we see that the assertion (4) is valid. It remains to prove the assertion (3). But it immediately follows by the pathwise uniqueness of solutions for the equations (3.6).
We define a map
(Step 3) For any ϵ > 0 and T > 0, there exists δ > 0 such that
We take a foliated atlas
is the open ball of radius l/2 centered at x in M . We define maps by
for n ≥ 0.
To prove the assertion of Step 3, we need the next lemma.
(ii) For any ϵ > 0 and T > 0, there exists δ > 0 such that
Proof of Lemma 3.3. The assertion (i) immediately follows from the same reason as
Step 1 stated above. The assertion (ii) is shown as follows. Put
We take any T > 0 and 0 < ϵ < D/2. From Lemma 3.1-(iii) and the Chebyshev inequality in each U i,2 , we see that there exists 0 < δ < l/2 such that
. Therefore the inequality (3.7) implies
which completes the proof of Lemma 3.3.
Now we return to the proof of Theorem 2.1. Let ϵ > 0, T > 0 and x ∈ M be given. It suffices to show that there exists δ > 0 such that P
Here the first inequality follows from the fact that
Using the same argument above, we can show that for any positive integer n, there exists (
) of the equation
s. by the pathwise uniquness of solutions in each foliated chart.
(3) If M is non-compact, we can similarly construct a unique strong solution of (2.5) up to explosion times.
(4) As we mentioned in Remark 2.2, the stochastic continuity of the family {X x } x∈M with respect to x is an important result to show its Feller property.
Central limit theorem for additive functionals
In this section we prove Theorem 2.8. Let X = {X x } x∈M be an A-leafwise diffusion defined by (2.12) . Let x be an element in M and f a continuous function given by f = Ah
by (2.14) . If the process {r(t, r)} t≥0 is a solution of the equation (2.11) on O(L) satisfying that π(r(t, r)) = X x (t) for t ≥ 0, then we have
We put
In addition we see that the stochastic processes {M 
where g is the leafwise smooth Riemannian metric on M induced by A. Note that
We can easily prove Theorem 2.8.
Proof of Theorem 2.8. Let x be an element in Q X . Recall that
we have only to show that M
· t (λ → ∞) in probability for t ≥ 0 by [12, Corollary 1 and references therein]. Noticing that x ∈ Q X , we obtain
This completes the proof of the theorem.
□
Remark 4.1. When M is a mapping torus constructed by a topological dynamical system and X is the leafwise Brownian motion induced by a natural leafiwise smooth Riemannian metric, the corresponding result to Theorem 2.8 is obtained in [14] .
Next we consider the case when there is only one A-harmonic probability measure on M . Then we obtain the following. (i) An A-harmonic probability measure exists uniquely.
(ii) There exists an A-harmonic probability measure m such that for any f ∈ C(M ),
(iii) For any f ∈ C(M ), there exists a number C(f ) depending only on f such that for any x ∈ M , (1/t)
(iv) For any f ∈ C(M ), there exists a number C(f ) depending only on f such that for any x ∈ M , (1/t)
(v) For any f ∈ C(M ), there exists a number C(f ) depending only on f such that for any x ∈ M , (1/t) 
Proof. ((i) ⇒ (ii)). Let m be an
Choosing a subsequence we may assume that the limit
exists for any f ∈ C(M ). By the Riesz representation theorem, there exists a Borel
. By substituting T (t)f for f , it is easy to see that m ′ is an A-harmonic probability measure. The inequality
T (s)f ds converges to 0 uniformly in x as t → ∞. For t > 0 we have
Here the third equality follows from the Markov property of X = {X x } x∈M , the fourth equality is obtained by the change of variable s−r → s, the fifth equality is a consequence of the Fubini theorem, and the last equality is obtained by the change of variable r → tr.
Thus we have
by the bounded convergence theorem. Hence we have (4.2). and Theorem VIII.7.5]). Hence an A-harmonic probability measure exists uniquely. □ Remark 4.3. If M is a mapping torus constructed by a topological dynamical system and X is the leafwise Brownian motion, the unique ergodicity of the base dynamical system is also equivalent to the preceding (i)-(v). The proof of this fact is given in [14] . Now we state a version of Theorem 2.8 in the case when there is only one A-harmonic probability measure on M . Proof. We use the notation in the proof of Theorem 2.8. We need only to show that 
in probability for any x ∈ M and t ≥ 0. Now the proof of the theorem is complete. □ Finally we give two examples of uniquely ergodic (1/2)∆ g -leafwise diffusions, i.e., leafwise Brownian motions on foliated spaces. Moreover we can show that there is a one-to-one correspondence between the set of harmonic probability measures for X on T d F and that of invariant probability measures for F in the same way as [14] . The correspondence is explicit in the sence that if a harmonic probability measure m µ for X is correspondence to an invariant probability measure µ for F , we have
for any continuous function f on T where W ⟨f ⟩ is the one-dimensional Brownian motion with variance
· t for each time t ≥ 0. Brownian motion X = {X v } v∈SM are defined on SM . It should be noted that Ledrappier discusses about such a process (see [10] and [11] ). In particular he showed that a harmonic probability measure m for X exists uniquely in [11] . Therefore, applying Theorem 4. 
